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Abstract

Quantum computation has shown much promise at providing, at least in some cases, a
significant advantage over classical computation. However, the nature of quantum com-
putation is still far from being well understood. In order to develop quantum algorithms
effectively, it is important to understand the true nature of the differences between classi-
cal and quantum computation. We investigate these differences more closely by looking
at de-quantising quantum algorithms into classical counterparts which retain the benefit
provided by, and thought to be intrinsic to, the quantum algorithms.

We extend a previous de-quantisation of Deutsch’s problem to show that in some sit-
uations the quantum algorithm solving the Deutsch-Jozsa problem can be de-quantised
into an equivalent classical one. We quantify the entanglement in this problem and
show that the inability to easily extend the de-quantisation to the general case is a
result of the entanglement destroying the concise classical state description needed to
de-quantise such a black-box algorithm.

We further show that the quantum Fourier transform, an important process in many
quantum algorithms, in its standard form is de-quantisable. This highlights key miscon-
ceptions about both the quantum Fourier transform and quantum computation itself. In
such cases it is the linearity of quantum mechanics which allows constructing quantum
algorithms which offer advantage over classical algorithms. The careful investigation of
de-quantisation in relation to these problems allows a deeper insight into the nature of

quantum computation.
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Chapter 1

Introduction

“We always have had a great deal of difficulty in understanding the world view that
quantum mechanics represents ... every new idea, it takes a generation or two until it
becomes obvious that there’s no real problem. It has not yet become obvious to me that
there’s no real problem. I cannot define the real problem, therefore I suspect there’s no
real problem, but I'm not sure there’s no real problem. So that’s why I like to investigate
things.”

— Richard Feynman, 1982

Quantum mechanics is now a well-established field and physics has truly taken a
step out of the classical domain. The field of computer science, however, is still far
from following in the footsteps of physics. Since Feynman proposed a transition to the
world of quantum computation in order to truly simulate the physical world, quantum
computation has enjoyed variable amounts of attention. Potential applications such
Shor’s prime factorisation algorithm and quantum communication protocols have shown
promise, but the shortage of known applications and difficulties in constructing quantum
computational devices has dampened such efforts.

While it seems quantum computation realises the true computation of nature which
classical computation failed to do, its utility for problems which fall within the classical
domain is still poorly understood. In this thesis we investigate a question relating to
the advantage of a quantum algorithm over a classical one for the same problem: when
is it possible to de-quantise a quantum algorithm into a classical counterpart without
loss of efficiency? This question has received surprisingly little research, even though
it is not known if most the known quantum algorithms actually provide any advantage
over a potential classical algorithm.

We specifically investigate two algorithms: the algorithm solving the Deutsch-Jozsa

problem and the quantum Fourier transform algorithm. We show that in many cases the
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2 CHAPTER 1. INTRODUCTION

quantum solution, which is believed to be better than any classical solution, can in fact
be de-quantised into an equivalent classical solution. This is particularly interesting in
the case of the quantum Fourier transform, not only because it plays an important part
in many other algorithms, but because it highlights properties that are fundamentally
important to quantum computation.

Such an investigation of de-quantisation not only leads to classical algorithms which
are more efficient than previously known algorithms, but also helps to highlight what
properties a quantum algorithm may need if it is to pose an advantage over any classical
algorithm. This illustrates that quantum computation can serve as a means to obtain

new and better classical algorithms.



Chapter 2

Quantum computation

In this chapter we will outline the key concepts and definitions in the computational field
of quantum computation. These ideas follow from a quantum mechanical treatment
of information, and a development of quantum computation starting from quantum
mechanical principles gives a more thorough overview of the field. The scope of this
chapter however does not extend this far; for such a development the reader should refer
to [Gru99]. We will provide a background sufficient for the area of quantum algorithms

with which this thesis is concerned.

2.1 History and motivation

Quantum computation has its roots in the insight of physicist Richard Feynman. Feyn-
man was concerned with simulating physics with computers, and argued strongly that
classical computers cannot universally simulate quantum physics without avoiding an
exponential explosion of computational resources as the size of the physical system
increases [Fey82]. Feynman’s argument was brought more strongly to the field of com-
puter science by David Deutsch. Deutsch argued that our notion of what is com-
putable should extend to the functions which could possibly be computed by a physical
system. There are many physical process, both dynamical and quantum mechanical,
which cannot be classically computed but should nonetheless be considered computable.
Deutsch proposed a physical Church-Turing principle, which states that any finitely re-
alisable physical system can be simulated by a finitely specified universal computational
model [Deu85].

It is from these ideas that quantum computation arose. A computational model
based on the fundamental laws of physics as best we understand them certainly over-

comes the gap to the physical Church-Turing principle, and is a much more suitable
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4 CHAPTER 2. QUANTUM COMPUTATION

candidate for universal computation in this broader sense. Since quantum computation
was first presented by Deutsch, various algorithms and results have arisen which ap-
pear to be beyond the scope of classical computation. Most notable is Shor’s efficient

algorithm for prime factorisation [Sho94].

2.2 Fundamentals of quantum computation

The fundamental step towards quantum computation is the identification of a classical
bit, i.e. a 0 or a 1, with a two-state quantum system, such as the spin of a particle.
This is motivated by the observation that any real computational device must encode
its bits in a physical medium. There is no reason that this physical medium cannot be
one in which quantum mechanical behaviours are observable. The quantum mechanical
laws of evolution must then apply to these quantum bits, or qubits, and it is from these

observations that our model of quantum computation arises.

2.2.1 Qubits

We define a classical bit as an element b € B = {0,1}. For historical reasons, the so-
called ket notation, denoted |-), is employed to denote the state of a qubit. The set of
classical bits, B, is identified with a set of qubits, B = {|0),|1)}. Quantum mechanics
permits any arbitrary superposition of these basis-states to be a valid state of a qubit.
It is often convenient to think of a qubit as a unit vector in a two-dimensional Hilbert

space, Hsy, spanned by the basis B.

Definition 1. A qubit |¢) is an arbitrary superposition of the basis-states |0) and |1):

) = al0) +G1) = <ﬁ>

where «, # € C are complex numbers, subject to the normalisation condition:
af* + 6" = 1.

The tensor product, ®, can be used to create states in higher-dimensional Hilbert

spaces. This allows us to create the quantum analogue of bit strings.

Definition 2. The tensor product of two qubits |¢;) and |¢,) is a state in Ho@Ho = Hy:

V) = |¢1) @ |¢a)
= (1 [0) + 1 [1))(2]0) + 52 1))
= (V19 |00> + alﬁg |01> + 61052 |10> + ﬁ]_ﬁg |11> ,

where all the following are equivalent notations: |ab) = |a) |b) = |a) ® |b).
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A classical n-bit register is a bit string x € B". Quantum registers containing n
qubits can then be defined similarly to single qubits in the Hilbert space Ho®- - - Q@ Hy =
(H2)®™ = Han. Such a register is a superposition of states in the computational basis,
B"={|z) |z €B"} ={]i) |i=0,...,2" — 1}, where the bitstring x is often written in

decimal form as <.

Definition 3. A register 1)) of n qubits is the state:

2" —1

W) =3 aule) = 3 aili),

reB” =0

with a, € C, subject to the normalisation condition:

D el =1.

IS

An important note is that for a register of n qubits, any vector in Hs» represents
a valid quantum state, even those which cannot be expressed as the tensor product
of n individual qubits. Such states which are not separable are said to be entangled.
For a 2-qubit state the condition for separability (using the notation of Definition
is agoar; = agragg. The most well known example of entangled states are the Bell
states [Gru99):

a1
|® >—ﬁ(|00>i|11>>, (2.1)
|U*) = L(|01> + |10)). (2.2)

V2

Entangled states, as we will see, are of much significance in quantum computation.
They have the property that they exhibit correlations higher than anything achievable

classically yet remain a perfectly valid physical state.

2.2.2 Operations on qubits
Measurement

One of the most important operations is one which we take for granted in classical
computation, rarely even thinking of it as an operation. This operation is measurement
and, unlike in the classical situation, it has an important, non-trivial role in quantum
computation. The reason for this is that while a state can be in an arbitrary superpo-
sition of basis-states, measurement can only be performed on the computational basis.
The effect of such a measurement irreversibly alters the measured state. This is sum-

marised in the Born rule, first expressed by the physicist Max Born [Bor26]. This rule
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states that given an arbitrary superposition, the probability of measuring a state |x) is
proportional to the amplitude squared, |a,|?, and after measurement the superposition
is destroyed and the state ‘collapses’ to the measured basis-state |z).! If a subset of
qubits in a register are measured, the state collapses to the subspace spanned by the

remaining qubits.

Born rule. Given an arbitrary state |1), measurement has the following effect (the

meter represents measurement):

[¥) = 2 eemn @ 1) @),

where a € B™ is obtained with probability |a,|?, and the state collapses to the basis-state
|a). In the more general case in which we wish to measure the first n bits of an n 4+ m

bit register, we have [Gru99):

|¢> = erﬂ%n ZyGB” awy |CL’> ’y> ﬁ ZyeBm O‘ay |CL> |y> )

where P(a) = P (|v) ,a, (1,n)) = 3 cpm [ay|* is the probability of obtaining ‘a’ when
measuring bits 1 to n of [1). The state then collapses onto the subspace spanned by the

la) |y) basis elements.

The Born rule is important in quantum computation because early measurement can
result in destroying the computation. Computations must then be designed carefully
around the measurement requirement. This effect is not all negative though, as it
also gives rise to the fields of quantum cryptography and teleportation in which it is
of fundamental importance [Mer(Q7]. The phenomenon of state collapse also has big
implications for any potential implementation of a quantum computer because of the
importance of isolating the computer from external perturbations and noise which cause

the phenomenon known as decoherence [NCO0).

Unitary operations

The first-order differential equation which specifies the evolution of quantum states,
the Schrédinger Equation, is reversible in time [Sak94]. Along with the conservation of
probability (which requires registers to be unit vectors) this means only unitary linear

transformations are permitted |[Gru99].

IFor the purposes of this thesis, we will assume measurement only on the computational basis.
General quantum theory and the Born rule allows for measurement and probability calculation along
any complete orthonormal basis, but in quantum computation we shall only concern ourselves with the
computational basis. In any cases, the state irreversibly collapses onto the measurement basis upon
measurement.
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Definition 4. A unitary operator U is one which satisfies the condition
UUt=UU =1,

where U' denotes the Hermitian adjoint operator, which is also unitary. Evidently,
U' = U™ is the unitary inverse and thus the reversibility condition is satisfied. This
definition is easily shown to be equivalent to the inner product between two states |¢)
and [1¢), (11|19), being preserved by the transformation U, ensuring probability is also

conserved.

It is often convenient to specify a unitary operator U in matrix notation. The
operator U acting on a n-qubit register is a 2" x 2™ matrix operating on the associated
2"-element column-vector in Hyn. The inverse UT = (U*)T is the complex-conjugate
transpose of U.

The linearity of unitary operators means that in order to specify their effect, we need
only specify the effect they have on the basis-states. This can easily be seen by noting
that for an arbitrary state |1¢),

Ulp)=U) |a)y=> Ula).

zeBn zeBn
Thus we need only to specify U |z) to specify the action of U on an arbitrary qubit.

It is interesting to note the differences between the nature of measurement compared
to the unitary evolution of quantum states. The unitary evolution of a quantum state
follows from basic quantum mechanical theory, while the irreversible phenomenon of
measurement and the Born rule are only postulated. However, it is extremely well ver-
ified experimentally and we believe that the probabilistic nature of quantum mechanics

is a fundamental property of the physical world [Sak94].

Basis for quantum computation

In order for quantum computation to be a reasonable physical computational model, we
would like a finite set of unitary transformations—or gates as they are often called—to
be used as a basis from which to construct all unitary transformations. This is equiva-
lent to the set {AND, OR, NOT} providing a universal basis for classical computation.
Fortunately there are many such universal bases which can simulate any gate with arbi-
trarily high accuracy, and as little as one 2-qubit and two 1-qubit gates suffice [NC00].
A common example of such a basis is § = {¢NOT, H, R(w/4)}, details of which are
given in Example ] The gates of this basis are some of the most commonly used in
quantum computation.

The efficiency of such a simulation varies with different bases, but has been studied
extensively (see [KSV02, NC00]). We will briefly summarise some key results which hold
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with the basis § given above. To construct an arbitrary m-qubit unitary transformation
out of gates in S requires O(m4™) gates [BBCT95|. This is only an upper bound, but
there exist transformations which are proven to require at least exponentially many
gates to simulate [NCO00]. To avoid such an exponential blow-up, we wish to express a
computation in gates which operate on a fixed number of qubits d, independent of the
input size n. A result known as the Solovay-Kitaev theorem [KSV02] shows us that any
1-qubit and 2-qubit gate can be realised with precision € using O(log®(1/¢)) gates from
S, where ¢ &~ 2 is a constant. Hence, if we can express a computation as consisting of
T'(n) gates, each operating on no more than d qubits, we can realise this circuit with
gates from S using O (d4%log® (T'(n)/e) T(n)) gates, a poly-logarithmic increase. We are
thus justified to consider computations with gates acting on a fixed number of qubits

when developing quantum algorithms.

Example 5. Figure 2.1(a)| shows the controlled-NOT (¢cNOT) gate, which flips the
value of a target bit only if the control bit ¢ is |1). A ¢NOT gate can be described by

its action on the four basis-states:

10)[0) <~ 10y J0)
10) 1) <25 (1) 1),
1) 0) X955 11y j0)
1) 1) <95 o) 1) .

Figure [2.1(b)[ shows the Walsh-Hadamard gate, or Hadamard gate for short, oper-
ating on the two basis-states. The Hadamard gate creates an equal superposition of
basis-states on non-superposition input. We use the notation |[+) and |—) to represent
symmetric and antisymmetric equal superpositions, so the the Hadamard gate has the

following effect:

0y %

(10) + 1)) = [+),

ol

2

1
iy &

(10) =11) =1=)-

Sl

2

As an example of the matrix representation of gates, we can express the Hadamard gate

1 ({1 1
V2 i\l 1)
The final gate in this basis, the phase-shift gate R(#), is shown in Figure [2.1{(c)]

This gate simply introduces a complex phase factor of ¢? if the qubit is |1), and does

as the matrix:

nothing otherwise. Note that 6 is in fact a continuous parameter. In this case, our basis
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is no longer finite? but can in fact simulate any gate perfectly [NC00]. However, if we

take § = w/4 then our gate remains universal to within arbitrary accuracy.

) P |z @ c) 0) | H | +)
o o _
(a) The controlled-NOT gate, ¢cNOT, 1) | H | =)
with z,c € B. (b) The Walsh-Hadamard gate, H.
al0)+ 1) R(0) al0) +e?31)

(¢) The phase-shift gate, R(9).

Figure 2.1: The common universal basis of gates, S.

2.2.3 Quantum computations
Quantum circuits

Loosely speaking, a quantum circuit is a sequence of unitary and measurement gates
acting on a N-qubit register |z,0" "), which computes a function F : Hon — Hom on
input |z) € Han. Note that N is often larger than the input size n, since we may need
extra bits to ensure unitarity or to act as auxiliary bits during the computation. We
say that the sequence of gates G = G G_1--- Gy computes F if it produces the state
|F(z),0N~™) with high probability. Note that a unitary gate U acting on a set of

qubits S is assumed to act as the identity on all qubits not in S.

Definition 6. A quantum circuit G = G Gr_1--- Gy computes a function F : Hon —
Hom if for all |z) € H™ we have:

P (G |z, 0" = |F(z),0Y™) > 1 —¢,

where € < 1/2, Pg (|a) = |b)) is the probability that |a) = |b). We say that a circuit

containing L gates has size L.

Note that the probability Pg differs from P¢ used in the Born Rule (page @ in that

it is not the measurement probability. If measurement is intended to be done at the

2Tt is worth noting that perhaps this is not so unreasonable. A physical implementation of an
R(6) gate could easily introduce a phase dependant on how long the gate is applied. Indeed, the time
evolution operator in quantum mechanics is e*#*/" for a free state with energy E. One would need to
apply such a gate to an individual qubit on demand, but in principle one physical mechanism surely
can account for an infinity of gates.
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end of the computation then a measurement gate should be the final one in the circuit,
and the collapsed states will then be obtained with probability according to the Born
rule. Thus, a circuit containing no measurement gates is deterministic and computes
the function implemented by U = Uy, - - - U; with probability one.

This definition of computation extends beyond classical functions on n bits to ensure
that quantum circuits, such as that computing the quantum Fourier transform (see
Section , are valid quantum computations, even if measurement does not directly yield
any classical information. However, in the case where the circuit G = M Up_1--- Uy, i.e.
L—1 unitary gates followed by measurement, our definition is equivalent to the standard

definition for a quantum circuit implementing a classical function on n bits [KSV02].

Definition 7. The circuit G = M U = M Uy _1---U; computes a classical function
F:B"™ — B™ if for all x € B™ we have:

Pa (612,097 = |F(2),08°™)) = Po (U], 0%"), F(x), (1m) 21—,
where € < 1/2.

Quantum circuits can be diagrammatically represented in a similar fashion to clas-
sical circuits. Each line represents a qubit or register of qubits, and time moves left to
right. Figure shows a circuit to prepare the entangled Bell state in Equation [2.1]

|0) Di

@)
10)

D

N
U

Figure 2.2: A quantum circuit generating an entangled |®*) Bell state.

Quantum algorithms

A quantum algorithm can be naturally defined from circuits in a similar way to classi-
cal algorithms. Given a function F' operating on Hilbert space, a quantum algorithm
computing F' is an infinite sequence of quantum circuits (Gg, G, Go, . ..) such that G,
computes F' on inputs of size n, and the circuit can be generated for any n by a classical
Turing machine [KSV02, [Sip06].

Definition 8. A quantum algorithm computing the function F': H — H is an infinite,
uniform, sequence of quantum circuits (Gy, G1, G, ... ) such that every G, computes
the function F), : Hon — Haom), and the size of the output m is a function of the input
n. By uniform we mean that there exists a classical Turing machine which constructs
G, on input n. We say that an algorithm runs in time T'(n) if the circuit G,, has size

T(n).
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Oracle quantum computation

Quantum oracle, or black-bozx, computation is the natural extension of classical oracle
computation, in which we are supplied with an oracle which we may ‘query’ a finite
number of times, providing the correct answer each time [KSV02]. In the classical case,
the oracle may be viewed as a black-box into which we supply a query and the answer
is supplied from the other side. However, we must have no knowledge or method of
determining how the black-box performs this task and can perform no operation on it
other than querying it. In quantum computation, the black-box takes the form of a
given unitary gate of arbitrary complexity, which we may use a finite number of times,

but have no knowledge about how it is constructed [BB94].

2.3 De-quantisation

One of the main attractions of quantum computers is the possibility of solving problems
more efficiently than any classical computer can, or solving problems that no classical
computer can solve. In order to construct good quantum algorithms it is important
to know what features allow a quantum algorithm to be better than a classical one.
Many quantum algorithms have a trivial classical counterpart: all the operations in
the matrix mechanics formulation of quantum mechanics can be easily computed by
classical means [EJ98], however, care must be taken. Quantum algorithms which involve
uncomputable numbers,® or those which rely fundamentally on the true randomness of
measurement, can not easily be obtained by this means. Unfortunately, in this kind of
simulation the dimension of the Hilbert space grows exponentially with the number of
qubits used in a quantum algorithm, so a classical counterpart obtained by the trivial
means takes space and time that is exponentially larger than the quantum algorithm
requires. In this thesis we examine the ability to de-quantise a quantum algorithm
to obtain a classical counterpart which is not exponential in time or space compared
to the quantum algorithm, and explore when such a de-quantisation is possible. De-
quantisation was first explored by Calude in [Cal07], where Deutsch’s famous problem
was de-quantised. We will review this result before exploring de-quantisation in both

the more general Deutsch-Jozsa problem as well as in the quantum Fourier transform.

3Tt is not known if such a gate involving uncomputable numbers exists. Kitaev et al. present
an excellent discussion on this [KSV02, p. 90], and it is interesting to note that such a gate would
allow computing classically uncomputable numbers. The potential existence of such transformation is
intimately grounded in the nature of physics itself and is of great interest.






Chapter 3

De-quantisation in the Deutsch-Jozsa

problem

In this chapter we will develop an in-depth study of de-quantisation in the Deutsch-
Jozsa problem, as well as a few general results about de-quantisation, particularly with
respect to black-box algorithms. We will review Deutsch’s problem and the initial
de-quantisation of the algorithm solving it by Calude. We will then apply the same
de-quantisation technique to the more general Deutsch-Jozsa problem. The final part
of this chapter explores the separability of general qubit states as well as the states in

the Deutsch-Jozsa problem, before exploring some general results on de-quantisation.

3.1 Deutsch’s problem

The original problem proposed by Deutsch [Deu85| is formulated as follows: consider
a Boolean function f : B — B, and suppose we are given a black-box to compute f.
Deutsch’s problem is to determine if f is constant (i.e. f(0) = f(1)) or balanced (i.e.
f(0) # f(1)) in as few as possible calls to the black-box computing f.

3.1.1 Quantum solution

Here we present a standard version of the quantum solution to Deutsch’s problem which
uses only one black-box call and is correct with probability one. This is based on the
formulation given in [CEMM97]. A traditional classical algorithm would require two
calls to a classical black-box in order to determine if f is constant or balanced; it would
need to evaluate both f(0) and f(1). The quantum black-box acts in Hy and can be
described by the unitary operator Uy representing an f-controlled-NOT (f-cNOT') gate

13
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such that
Ug |z) ly) = |z) ly @ f(2)).

Noting that

Up(Uy ) [y)) = Ur ) [y © f(2)) = [2) [y © f(2) © f(2)) = |2} [y),

we see that Uy is its own inverse and U;Uy = 1. Hence Uy is unitary and our quantum
black-box is valid. In order to see how the quantum solution works, it is beneficial to

observe the following:

(10) = 1)) = |=) %(IO @ fz)) =1 ® f(2)))

= (~1)® |z) %um — ). (3.1)

Uy |z) 7

Hence we see that this state is an eigenstate of Uy and the eigenvalue is a phase which is
‘kicked back’ in front of the state. From this observation we can formulate the quantum
solution. Taking the initial state |0) |1) and operating on it with a 2-qubit Hadamard
gate H®? :

HZ0)[1) = == (10) + 1)) |-) -

Sl

Next, operating on the state with Uy:

Uy (10) + 1)) =17O0) + (=)D 1)) |-)

1
Noad
‘—(O) (0) + (-1 0250 1)) 1),

and applying H®? one more time we get

—1)/©
H 0 (0) + (100 1)) = ()0 170) @ F0) |1

Measuring the first qubit we obtain 0 with probability one if f is constant and 1 with
probability one if f is balanced.

This quantum solution is hence correct with probability one using only one call to
the quantum black-box represented by Uy. An important note is that this computation
involves no entanglement. This can be seen by noting that the second qubit acts as
an auxiliary bit and remains unchanged by Uy, and as a result the two qubits remain
separable throughout the algorithm. This is evident in the presentation of the algorithm
and as a result this quantum computation gains its power only from quantum parallelism

and interference.
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3.1.2 Classical solutions

While the quantum algorithm makes use of quantum parallelism and interference, these
qualities (unlike entanglement) are not inherently quantum mechanical, but are rather
due to the two-dimensionality of qubits compared to the one-dimensionality of classical
bits. Hence, a classical two-dimensional system possesses these qualities, and should be
able to achieve the same result as the quantum algorithm.

The first method, presented in [Cal07], embeds classical bits in complex numbers.
The set C = {1,i = \/—_1} acts as a computational basis in the same way that B =
{]0),]1)} does for quantum computation. It is worth noting that while we are not
labelling the basis bits ‘0’ and ‘1’, they represent the classical bits 0 and 1 in the same
way that |0) and |1) do.

An arbitrary complex number may be written as z = a + bi with a,b € R, so a
complex number z is a natural superposition of the basis elements in the same way that
a qubit is. We are now given a classical black-box which operates on complex numbers
and computes our function f. This black-box can be represented by an operator Cf,
a direct analogue of Uy (although the requirement of unitarity is no longer necessary).
The effect of Cy (in direct correspondence with Uy, although the normalisation factors

and auxiliary bit are no longer necessary) is
Cia+bi) = (=1)7O (¢ + (—1)7 O Wp;) .

If f is constant, C is the identity operation to within a factor of —1 (C¢(z) = +x). If f
is balanced, C is the conjugation operation (Cy(x) = £7). The black-box represented
by Cy rotates the input in the complex plane depending on the nature of f, which is
in direct analogy of the quantum black-box U operating on input |z) in Hs. In order
to measure the output, we need a way to project our complex numbers back on to the
computational basis. This is easily done by multiplying by the input so the output is
either purely imaginary or purely real.

If z =1+ (an equal superposition of basis-states),

1 122 — 44 if f is constant,

—zx Cp(z) =4 2
2 1,7 =41 if f is balanced.

In this manner, if the output is imaginary then f is constant, if it is real then f is
balanced. Importantly, this is a deterministic result, and in fact the sign of the output
allows to identify which balanced or constant function f is. This is something the
quantum algorithm provably cannot do [Mer07].

This is only one method of solving the problem as efficiently as the quantum algo-

rithm does through classical, deterministic methods. The above method places emphasis
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on mathematical correspondence with the quantum solution. A different solution is pre-
sented by Arvind in [Arv01] which draws physical similarities which are more evident
than in the above solution.

Arvind uses the (classical) polarisation of a photon as the computational basis £ =
{z-pol, y-pol}, and any polarisation in the zy-plane is physically valid. It is noted
that all transformations in the group SU(2)! can be realised by two quarter-wave plates
and a single half-wave plate orientated suitably. Clearly the 1-qubit transformations
required to solve Deutsch’s problem are included in this, so the problem can be solved
classically with one photon using wave plates. Written in matrix form the solution is
mathematically identical to the quantum one. This corresponds to the following physical
process: preparing a photon with y-polarisation, rotating its polarisation anti-clockwise
in the zy-plane by 45°, applying the optical black-box and applying the anti-clockwise
rotation once more before measuring the y-polarisation of the photon.

The correspondence here relies not on embedding classical bits in a different, classical
two-dimensional basis but on directly implementing the transformations used in the
quantum solution through classical means. In other words, the quantum algorithm does
not take advantage of non-classical effects, so the same result can be obtained through

purely classical optics.

3.2 The Deutsch-Jozsa problem

Deutsch’s problem is the simplest case of the more general Deutsch-Jozsa problem [D.J92]
which considers balanced and constant Boolean functions on bit strings of length n.
Calude noted in his original de-quantisation [Cal07] that such a de-quantised solution
can be obtained for any n, but this cannot be done uniformly because of the growth in
dimension of Hilbert space. Further, because the trivial matrix simulation also scales
with the Hilbert space dimension (which is exponential in the number of qubits), such a
solution is of little interest. In black-box algorithms such as the one solving the Deutsch-
Jozsa problem, the space required in a useful de-quantisation should scale polynomially
in the number of qubits used. Indeed it should not be the case that a classical 2" x 2"
matrix embedded in a black-box suffices as a valid de-quantisation, even though it would
only require a single black-box call. Evidently, it would take exponential amount of time
to prepare an input to such a black-box. Because of the nature of entangled states, we
expect that algorithms taking advantage of entanglement to be harder to de-quantise
in a way satisfying these requirements. This issue is investigated further with relation

to the Deutsch-Jozsa problem.

!The group SU(2) is the group of 2 x 2 unitary matrices with determinant 1. This is exactly the
set of unitary operations on a qubit permitted by quantum mechanics.
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The standard formulation of the Deutsch-Jozsa problem is as follows: let f : B" — B,
and suppose we are given a black-box computing f with the guarantee that f is either
constant (i.e. Vo € B" : f(z) = a, a € B) or balanced (i.e. f(xz) = 0 for exactly
half of the possible inputs x € B"). Such a function f is called valid. The Deutsch-
Jozsa problem is to determine if f is constant or balanced in as few black-box calls
as possible. An important note is that unlike in Deutsch’s problem, where there are
exactly two balanced and two constant functions f, the distribution of constant and
balanced functions is asymmetrical in the Deutsch-Jozsa problem. In general, there are
N = 2" possible input strings, each with two possible outputs (0 or 1). Hence, for
any given n there are 2V possible functions f. Of these, exactly two are constant and
( N]\;Q) are balanced. Evidently the probability that our f is constant tends towards zero
very quickly (recall f is guaranteed to be valid). Furthermore, the probability that any

randomly chosen function of the 2V possible functions is valid is:

(xy2) +2
2N

which also tends to zero as n increases. This is evidently not an ideal problem to work
with, however this does not mean that we cannot gain useful information from studying
it.

3.2.1 General quantum solution

The solution to the n = 1 problem (i.e. Deutsch’s problem) can readily be extended to
solve the Deutsch-Jozsa problem for any n with exactly one black-box call. A traditional
classical solution would require 27! + 1 black-box calls in the worst case to give an
answer that is guaranteed to be correct: we could obtain the same value on the first
2"~! evaluations of f, and it is not till the next evaluation that we can be sure that f is
balanced or constant. Once again the formulation given is based on that in [CEMMO97].

We use n + 1 qubits |z) |y) where |z) is the n-qubit input register and |y) is the
output register for the black-box computing f:

Uyrle)ly) = 2) ly @ f(z)),

as usual. The system is initially prepared in the state
. 1
HEM 00 0) =) = [+ 4) ) = o 3 lab ), (32)
zEB”

creating an equal superposition of all possible inputs for the function f. Equation [3.1],

which gives the action of Uy on an arbitrary input x, holds for any n, so operating on
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the prepared state with Uy gives:

il 2191 = 51 SV 1), 59

zeB” zeB”

Next we note that the n-qubit Hadamard gate acting on any state |z), with = € B",

can be written in a more general form [Mer(7] as

H" o)=Y (=1)""|y).,

yeBn

where x - y is the scalar product modulo 2, i.e.
Ty = (xlAyl)@"'@(anyn>‘

Applying the Hadamard gate to the result of Equation |3.3| we have

™ S Ve |) = 5 3 (1S ).

reB” z,ycBn

Observe that the amplitude of the state |00 ---0) is

1 (_1>f(m) B +1 if f is constant,

2 zEBn 0 if f is balanced.

Hence, upon measuring the this qubit register, if f is constant we measure ‘00- - -0’
with probability one, and if f is balanced we measure = # ‘00---0" with probability
one. Thus, assuming f is valid, we can determine the nature of f with probability one.

The circuit corresponding to this algorithm is shown in Figure |3.1]

10)
10)
-) Uy -)

Figure 3.1: The quantum circuit solving the Deutsch-Jozsa problem with probability
one.

3.2.2 The case of n =2

For the Deutsch-Jozsa problem with n = 2 there are sixteen possible Boolean functions.
Two of these are constant, another six are balanced and the remaining eight are not
valid. All these possible functions are listed in Table [3.1]
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f(z) | Constant Balanced Invalid

FOO)=] 0 1]0 L 01 1 0|/1L 0101001
foO)=| 0 1]/01 100 1|1 01001710
fFa)=l 0o 1]/101010/100110T1°0
fany=l 0 1]/1 0010 1/01 101010

Table 3.1: All possible Boolean functions f : B* — B.

Evidently, half of these functions are simply the negation of another. If we let
f'(x) = f(x) ® 1, we have:

Up o) |=) = (1)@ |z) |-)

= — (=1 ) |-))
— ~Upla) |-

In this case the result obtains a global phase factor of —1. Since global phase factors
have no physical significance to measurement (recall the Born rule), the outputs of Uy
and Uy are physically indistinguishable.

To solve the problem, we merely need to follow the general algorithm presented on
page In this specific case, the action of the black-box is:

Ur Y ela) =)= (=1)/Pe, f2) |-)

z€EB? zEB?
= [(=1)7® ¢y [00) + (—1)7 ey, |01)
+(=1)710¢10[10) + (—1)7MWeyy [11)] |-) . (3.4)

From the separability rule for 2-qubit states (page 5|}, we know that this state is separable
if and only if (—1)/9)(—1)/Meyoey = (—1)7OV(—1)/0¢q1¢9. While there are various
initial superpositions of 2-qubit states which satisfy this condition, we only need to
consider the equal superposition that is used in this algorithm. The situation
is further simplified by noting that the mapping (—1)/@(=1)/® « f(a) @ f(b) is a
bijection. In this case, the separability condition reduces to f(00) & f(11) = f(01) &
f(10). By looking back at Table it is clear this condition must hold for all balanced
or constant functions f for n = 2.

With the input prepared in the state |[4++) |—), the action of Uy can be separated

and written as follows:

Upl++) =) = % (10) + (=) OEN 1)) (Jo) + (1) WOV L)) | =) (3.5)
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Indeed,

(=1 100) + (=1)7V[01) + (=17 [10) + (~1)/ "V [11)

(=) [00) + (=1 CNIMOIAD 01) 4 (~1)110 [10) + (~1)7D 1)
(—1)/00 (’0(» (—1)/08IAD 01 4 (—1)FOOSFA0) | 10) 4 (—1)/COS/AD ’11>)
£ (10) + (=)0 )) (j0) + (~1)/HOEV 1)),

as desired. By applying a final 3-qubit Hadamard gate to project this state onto the

computational basis we obtain:

%H®3 (’0> + (_1)f(00)69f(10) ’1>) (‘()> + (_1)f(10)@f(11) ’1>) |—)
= £|£(00) © f(10)) @ [f(10) © f(11)) [1) .

As in the general case we only need to measure the first two qubits to determine the

nature of f: if both qubits are measured as 0, then f is constant, otherwise f is balanced.

3.2.3 Classical solutions

Because the quantum solution contains no entanglement, the problem can be de-quantised
in a similar way to the n = 1 case, but this time using two complex numbers as the
input to the black-box. We extend the black-box to operate on two complex numbers,
C}: C* — C?, and define it by analogy to Uy just as we did for the n =1 case. Let z1,

29 be complex numbers,

¢ (zl) e <a1 + blz:) _ (—1)f(00) (a1 + (_1)f(00)@f(10)512:) | (36)
29 as + boi ag + (—1)F00ef ),

It is important to note that, just as in the quantum case where the output of the

black-box was two qubits that could be independently measured, the output of Cy is

two complex numbers that can be independently manipulated. This is fairly intuitive

because the ability to measure specific bits (of any kind) is fundamental to computation.

Note, however, that in a quantum system it is impossible to measure entangled qubits
independently of each other.

The analogue to applying a Hadamard gate to each qubit in order to project it onto

the computational basis is to multiply each of the complex numbers that the black-box

outputs by their respective inputs (in similar fashion to that in the n = 1 case).
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If we let 2y = 25 = 1 + 4, we get the following:

;

(1+2)(1+14) - ! if f is constant

(14i)(1+1) U |
1 1)/00) SR I

(1+i)(1+7) = ! if f is balanced.

(1+14)(1 1) 1

a+ia-i) _ (1

a+a-i) \1

\

By measuring both of the resulting complex numbers, we can determine whether f
is balanced or constant with certainty. If both complex numbers are imaginary then f
is constant, otherwise it is balanced. In fact, just as in the n = 1 case, the ability to
determine if the output bits are negative or positive allows us to determine the value of
f(00) and thus which Boolean function f is.

Because the quantum solution is separable, it is possible to write the output of the
black-box as a list of two complex numbers, and hence we can find a solution equivalent
to the one obtained via quantum computation. Writing the output in this form would
not have been possible if the state was not separable, and finding a classical solution in
this fashion would have required a list of exponentially many complex numbers compared
to the number of input qubits.

As with the n = 1 case, an alternative classical approach can be presented using
two photons. If a transformation on two qubits can be written as a transformation on
each bit independently (e.g. H ® H) then the transformation is trivial to implemented
classically. It only remains to show the 2-bit transformation Uy can be implemented
classically on two photons. Equation shows that for the quantum black-box with
n =2, Uy can be written as a product of two 1-bit gates:?

U |+) = % (10) + (-1) V1))
1

V2

280 far we have been considering the case where U ¢ operates on n input qubits and one auxiliary
qubit, |—). It has been shown (see [CKH9S8|) that the auxiliary qubit is not necessary if we restrict
ourselves to the subspace spanned by |—). We have presented the algorithm with the auxiliary qubit
present because it is more intuitive to think of the input-dependent phase factor being an eigenvalue of
the auxiliary qubit which is kicked back. The de-quantised solutions, however, bear more resemblance
to this reduced version of Uy operating only on n qubits.

U 14 = = (10) + (~1)/ V2100 1)
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Each of these are valid unitary operators, and the transformation describing the black-
box may be written Uy = Uj(cl) ® U}Q). This means that the operation of f can be
computed by applying a 1-bit operation (implemented as wave-plates) to each photon
independently, and thus a classical solution for n = 2 is easily found. The photons
need not interact with each other at any point during the algorithm, not even inside the
black-box implementation.

This classical, optical method is equivalent to both the quantum solution and the
previously described classical solution. The difference is in how it is represented, bring-
ing emphasis on the fact that for n = 2 the quantum solution does not take advantage
of uniquely quantum behaviour and is thus classical in nature. Further, it shows that
the solution can be obtained without any interaction or sharing of information between

qubits.

3.3 Separability in the Deutsch-Jozsa problem

Before we consider de-quantisation of the Deutsch-Jozsa problem for n > 3, we will first
examine the separability of the states used in the quantum solution more carefully, as de-
termining if a state is separable is a key step in determining if an easy de-quantisation is
possible. Conditions to determine if a n-qubit state is separable are presented in [JMO03].
We will review these results, before reformulating them in a recursive manner which will
allow us to apply these results much more easily to the Deutsch-Jozsa problem.

In order to determine if an arbitrary n-qubit state is separable, we must first intro-

duce the concept of pair product invariance [JMO3].

Definition 9. A state |¢,) = S g |i) with N = 2" is pair product invariant if
and only if Vk € {1,...,n},Vi € {0,..., K — 1} : ayax_;—1 = ¢k, where each ¢ is a

constant and K = 2F,

Pair product invariance can also be reformulated recursively as follows: let P, be
the set of all pairs (i, k) such that for any two elements (a, k), (b,k) € P, we have
Qul—q 1 = pag_p1 = ¢ if and only if |¢) is pair product invariant. We can recur-

sively write this by breaking up the iteration over all k € {1,... ,n}.
Definition 10 (Recursive version of Definition [9)). We define P, as:
P,={(G,k) | ke{2,...,n},ie{0,....25" —1}}.
Recursively, this becomes:
P,=P, U {(z,n) | i€ {O, A 1}} , with the base case
Py ={(0,2),(1,2)}.
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Given an n-qubit state |1,) = S2N " a; [i), we say P, with [ < n satisfies the pair product
invariance condition if V(a, k), (b, k) € P, : aqak_q_1 = apag_y_1 = ¢, where K = 2%
and ¢y, is constant. Then [¢) is pair product invariant if and only if P, satisfies the pair
product invariance condition. Note that the base case, P, is simply the well-known

condition that agoay; = agrovyg.

To see that these two definitions are equivalent, note that we can modify Definition [J)
by changing i to range from 0 to 2¥=! — 1 instead of K — 1 since oyax_i—1 = Qg—i_10,
thus avoiding double counting. The £ = 1 case can also be removed since it now
reduces to a single term, and is hence unnecessary. The definition of P, ensures that
the quantifier V(a, k), (b,k) € P, runs for k € {2,...,n}, a,b € {0,..., 281 —1}.
Definitions [0] and [I0] can thus clearly be seen to be equivalent.

The main theorem of relevance to us regarding pair product invariance is Theorem

below.

Theorem 11 (Theorem 1 in [JMO03]). If Vi € {0,...,N —1} : o; # 0, a state |[¢p,) =

Zjvgol a; 1) is fully separable if and only if it is pair product invariant.

Hence, in order to determine if a state |¢,) is separable we only need to check if it
is pair product invariant. The second, recursive, definition of pair product invariance
will prove more useful to formulate general results on separability.

Note that any constant function is pair product invariant as all a; are equal and the
conditions are trivially satisfied. The output of the quantum black-box for constant f

can be separated as:

1
5aUr D 12) 1) 2n/2 ey |-)
reB” xEIB%"
zeB™
= £[5)]).

3.3.1 The case of n >3

For n = 3 we are able to find balanced functions that are not pair product invariant
and thus, by Theorem [I1] entangled.
If we choose f such that

(£(0), f(1), £(2), f(3), f(4), (5), f(6), f(7)) = (0,0,0,1,1,1,1,0),
then this f is obviously balanced. For this choice of f, f(000)& f(011) # f(001)& f(010).

This implies that ogoo11 # o011 and hence the output of Uy in the standard

quantum algorithm is not pair product invariant and is thus entangled.
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The recursive definition of pair product invariance allows us to determine exactly
how many separable states exist for any given n. For a function f,.; to be separable,
we have the necessary condition that P, satisfies the pair product invariance condition
because P, C P,,,. Hence we see that all separable functions f,,; are based on a
separable function f,,, and hence satisfy f,.1(00 z,) = f.(z,),Vx, € B", where 0o x,
denotes the concatenation of x,, onto 0. This determines the action of f,.; on half of
the possible input strings, and we must determine the possible actions on the other half.

Figure [3.2] shows this nature of pair product invariance.

f(000)  f(001)  f(010)  f(011)  f(100)  f(101)  f(110)  f(111)

Figure 3.2: A diagram showing the recursive nature of pair product invariance. All pairs
of states linked by the same type of arrow must have the same parity under addition
modulo 2.

The action of f,,; on the remaining N = 2" input strings is determined by the
pair product invariance condition. This requires that ay_jay = ay oy = -+ =
QpQon_1. Since ay_; is already determined, oy can take on two possible values. How-
ever, once this value is chosen, all a; for © > N are uniquely determined by the pair
product invariance condition. If we let a,, be the number of separable functions f,,, then
fna1 can have a, possible configurations for acting on f,1(0ox,), and for each of these

configurations, there are two configurations for the remaining N input strings. Hence,
Any1 = 2an.

This is a simple linear recursion with the known initial condition a; = 4. This gives
us an explicit result for the number of Boolean functions f, such that Uy, |z) |—) is
separable:

a _2n+1
n — .

We see that the number of separable states increases exponentially with the number
of qubits being used. We also know that the number of possible functions f,, which are

either balanced or constant is

by = (N%) +2= (;:) +2.
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The fraction of possible Boolean functions which can be separated is

a_n _ on+1 2n
b 2"/ ((Qn_1> +2> )

This tends towards zero extremely quickly even for small n.

The result of this observation is that even if we are promised f is valid, we can no
longer be sure the output of the black-box is separable, and for n > 3 the probability
that it is separable tends to zero very quickly. This means that the method of de-
quantisation used for n = 1,2 will not scale directly to higher n and in general yields
very little information about the nature of a function. Looking at this from the view of
computation with classical photons, there is no classical physical equivalent of entangled
photons, as this is a purely quantum mechanical effect. However, in general it is very
hard to show that no de-quantisation exists for a quantum algorithm which does not
introduce exponential increase in space or time. In most cases, as earlier mentioned,
a trivial method of de-quantisation is possible, but to show no better de-quantisation
exists is very hard. As an example, Jozsa and Linden showed [JLO3] that using the
stabiliser description of quantum computation it is possible to find an efficient classical

simulation of a quantum algorithm containing unbounded entanglement.

3.4 Classical and quantum black-boxes

We wish to bring attention to a slightly more subtle point in both the quantum and de-
quantised oracle computational model, by illustrating an issue with the Deutsch-Jozsa
algorithm. The Deutsch-Jozsa problem is the extension of a classical problem in which
we are given a black-box computing the function f : B"™ — B. With such a classical
oracle, it takes O(n) time to prepare a query, but the classical algorithm takes O(2")
queries to determine the nature of f. Clearly in this case the running time is dominated
by the black-box queries as opposed to input preparation. In the quantum algorithm
we are now given a black-box Uy computing the function g : Hant1 — Hant1, which
is the unitary quantum analogue of f. We solve this with one query to Uy, although
the state preparation and measurement requires O(n) operations. In this case, the state
preparation dominates the running time and should be taken into account. Nonetheless,
the quantum algorithm is still exponentially faster than the classical one.

Another issue however arises in the fact that the quantum algorithm takes as input a
black-box operating in exponentially higher dimensions than the classical one computing
f. Tt is thus not entirely evident that these black-boxes are equivalent, or at least directly
comparable when one computes a function with more information contained within it.

In the de-quantised algorithm we are similarly extending our black-box Cf to compute
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the function A : C* — C". It is this fact—that our classical de-quantised black-box is
computing f in a higher dimension than the original classical black-box—that allows
the de-quantised algorithm the ability to match the efficiency of the quantum algorithm
in some cases.

This issue has barely been touched and is in need of further research, especially
if we wish to work with de-quantised algorithms which operate in a different space
than the trivial classical algorithms. It seems that at the heart of such efficient black-
box algorithms—and perhaps quantum computation more generally—is the ability to
construct a black-box which operates in dimensions which scale faster than the physical

resources required as input.

3.5 General de-quantisation

While de-quantisation appears to be very hard in the Deutsch-Jozsa problem for n > 3,
we can investigate the general ability to de-quantise black-box algorithms. The main
task in trying to de-quantise such an algorithm is to de-quantise the black-box. Indeed,
efficiently simulating a black-box algorithm requires finding a classical black-box which
solves the problem without requiring exponential time or space. Using the methods
previously looked at in this chapter, this step would initially require showing that both
the input and output of the black-box are separable.

Firstly, we will summarise some important results due to Jozsa and Linden [JLO3]
about the ability to efficiently simulate standard quantum algorithms. Jozsa and Lin-
den worked with the idea of simulating the matrix mechanical formulation of quantum
algorithms, as was discussed in Section [2.3] This formalism is a little more abstract than
the de-quantisation method used in this thesis, but is an effective method of showing
general results. We call a qubit register |¢)) p-blocked if at every step of the computation
no subset of more than p qubits are entangled. Their main result is Theorem [12]

Theorem 12. Let A = (Gy, G1,Go,...) be a quantum algorithm computing a classical
function with the property that after every unitary gate application the state 1) is p-
blocked, with p independent of input size n. Then the algorithm A can be de-quantised

using the matriz formulation.

The proof relies on breaking up the 2" x 2" matrices describing the gates with which
the circuits in A are composed of into matrices operating on no more than 2p qubits at

once.® Each matrix corresponding to a gate is replaced by a single matrix no larger than

3The 2p comes about rather than p in the case where a 2-qubit gate may operate on qubits from two
separate entangled blocks. This approach assumes the circuit is decomposed into 1-qubit and 2-qubit
gates.
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22P % 22P_ Since p is constant, the cost of directly simulating the quantum algorithm by
matrix multiplication can be reduced to a linear overhead, exponential in p rather than
n.

This fixed-parameter tractability approach is mathematically equivalent to our ap-
proach, although our approach has the advantage that it retains more similarity to the
quantum algorithms. It can also be easier to apply and produce simpler results than
blind simulation of the matrix mechanics. Our method also more easily extends to
the setting of black-box computation. The approach used by Jozsa and Linden does
not directly apply to black-box computation where the nature of the black-box is un-
known. It could readily be adapted by having the black-box perform a set of matrix
multiplications, but such an approach is less natural. We will explore applying our
de-quantisation method to arbitrary separable black-box computations since it is easier
to examine and work with. Note that it is also not surprising that de-quantisation does
not easily extend in the Deutsch-Jozsa problem since we have shown the entanglement
grows exponentially.

The simplest case to tackle for de-quantising an arbitrary black-box algorithm is the
case that both the input and output of the black-box Uy can be expressed in a separable
form. In this case we can show how a simple de-quantisation in the spirit presented
previously can easily be obtained. A nice feature which makes de-quantisation of a
black-box simple is that we do not have to worry about considering the separability of
the decomposition of the gate, as it is supplied as an arbitrarily complex unitary gate,
not necessarily decomposed into gates from a universal basis (indeed, we have no way
of knowing how the black-box is devised). If we knew that the input and output of
U; were separable, but had to decompose it into smaller unitary gates, we could not
guarantee separability throughout the decomposed circuit representing Uy. However,

the unitarity of Uy, regardless of its dimension, will allow a simple de-quantisation.

Theorem 13. Let Uy be the unitary operator the black-box represents, and assume that
for the set of input states used by the quantum algorithm A we wish to de-quantise, both
the input and output Uy are separable. Then the black-box can be de-quantised into an

efficient classical solution.

Proof. We can write the action of Uy under these assumptions as

Ur 1) [h2) - - - [thn) = [91) |P2) - -+ | n) - (3.7)
Since Uy is unitary, there must exist a unitary inverse U}, which has the effect
UF|61) [62) -+ |6n) = [1) [} -~ [ton) - (3.8)

From ([3.7)) we see that we each qubit undergoes the transformation |¢;) — |¢;), but we

must show this transformation is unitary. Let us write Uy = U }1)®U ;2)®- QU J(cn), where
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each U ](f) acts on the 1th qubit to implement this single-qubit transformation. Since the
tensor product is distributive with respect to adjoints, we can write U } = U ](el))T ®
U @@ (UM)!. Hence, we see that U [¢;) = |¢;) and (U)1]¢;) = |1;). Thus
the single qubit transformation is indeed unitary and we can write Uy as the product of
single-qubit unitary transformation above. It is then clear to see that de-quantisation
of the black box is possible. Evidently, the optical method used in Section [3.2.3] can
trivially be used since each U J(f) € SU(2) and the black-box is then constructed out of
wave-plates. We only need to prepare the n photons in the correct state, operate on
them with the black-box and continue the rest of the algorithm with the transformed
photons. Equivalently, a method using two-dimensional classical bits such as complex

numbers could easily be used. O]

This shows that, as expected, a quantum black-box algorithm can be de-quantised
easily into an equivalent classical algorithm if no entanglement is present. This black-box
de-quantisation could be extended to allow bounded entanglement as in Theorem [12]
although the photon method would no longer be sufficient since we would have unitary
transformations not in SU(2). However, higher-dimensional classical bits could easily be
used. We will not explore this explicitly further, but this result on black-box simulation
along with the result on standard algorithm de-quantisation allow for a powerful tool
to asses quantum computations. In Chapter [4] we will apply these de-quantisation prin-
ciples to the quantum Fourier transform. These de-quantisation tools provide a useful
technique of developing new classical algorithms from ones which are more naturally ex-
pressed in the quantum world. If entanglement is present, a successful de-quantisation

will need to handle the problem using a different representation of the process.

3.6 Summary

We have examined the ability to de-quantise the Deutsch-Jozsa problem for various
values of n in order to gain a better understanding of quantum algorithms and the ability
for them to give exponential improvements over classical algorithms. We have extended
the method of de-quantisation presented in [Cal07] to the n = 2 case, and by showing
separability of the quantum algorithm for n = 2 have obtained a similar de-quantised
solution. We have shown that for n > 2 there exist many balanced Boolean functions f
for which the output of Uy is entangled. The fraction of balanced functions for which
the output is separable has been shown to approach zero very rapidly. This tells us
that if we were to pick a random Boolean function which is constant or balanced, the
probability of being able to learn information about the nature of the function through

classical means in one black box call tends to zero.



Chapter 4

The quantum Fourier transform

The quantum Fourier transform (QFT) plays an important role in a large number of
known algorithms for quantum computers [Gru99]. It plays a central role in Shor’s al-
gorithm for prime factorisation [Sho94] and is often thought to be at the heart of many
quantum algorithms which are faster than any known classical counterpart. However,
following on from recent results on classical features of the QFT algorithm [ALMO07,
Bro07, [GN96, [YS07] we will argue that the QFT algorithm itself is classical in nature.
The usefulness of the QFT algorithm is a result of the linearity of the unitary transfor-
mations fundamental to quantum mechanics and computation. It is this linearity which
makes the QFT such a useful tool, rather than the nature of the QFT itself.

To illustrate this, we will show how the QFT can be de-quantised into a simpler clas-
sical algorithm in many situations. In Section[d.I]we overview the QFT and present it as
a compact algorithm in order to move away from the restrictions imposed by the circuit
model. In Section we de-quantise the QFT acting on a basis-state into a classical
algorithm more efficient than the quantum one. We then discuss the possibility of ex-
tending this de-quantisation to more general, separable inputs. In Section 4.3 we discuss
why de-quantisation of the QFT is possible, and note some common misunderstandings
about the QFT which contribute to this.

4.1 Background

The discrete Fourier transform (DFT) on which the QFT is based is a transforma-
tion on a g-dimensional complex vector x = (f(0), f(1),..., f(¢ — 1)) into its Fourier
representation ¥ = (f(0), f(1),..., f(g—1)) [Gru99):

- Z 27rzac/qf (41)
a=0

S

29
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for c € {0,1,...,¢ —1}. The QFT is similarly defined so that the transformation acts
on a state vector in g-dimensional Hilbert space, H,. In quantum computation we work
with a state vector defining a register comprising of n 2-state qubits, so we will only
consider the case that ¢ = 2" from this point onwards. This means that the QFT,

denoted Fj, acts on the 2" amplitudes of a particular n-qubit state, i.e.

2n—1 2"—1

3" fa)]a) 25 3 fe) e (4.2)

As a result of the linearity of quantum mechanics, in order to compute the QFT we
only need to design an algorithm to transform a single component of the state vector.

This is because an arbitrary state [¢) = S22 ! f(a) |a) transforms as:

a=0
2" —1 2n—12"—-1 —
Fon W]) _ f( )Fn ‘ 27r7,ac/2"

Hence we arrive at the standard definition of the QFT as the mapping [CEMM97]

2"—1

’ F2n Z 271'1(10/2" (43)

2n

with @ € {0,1,...,2" — 1}. Keeping in mind that we are dealing with registers com-
posing of qubits, we can decompose a (and similarly ¢) into its binary representation
so that a = 2" 1a; + 2" 2ay + - -+ + 2'a,_; + 2%, and |a) = |aias .. .a,). By denoting

a = ajay...a, and a/2" = 0.a1a5 . . .a, we observe that

p2miac/2" _ 62m’a(2"*1c1+2"*2c2+~~+20cn)2*n

27ri(a1a2...an)2’101 Qﬂi(alag...an)Q’ch .

e 2mi(a1az...an)2 " cn

=€ - €

_ 627ri(a1...an_1.an)c1 627ri(a1...an_2.an_1an)02 . 62m’(0.a1a2...an)cn‘ (44)

Noting that for any decimal 2.y we have e™(@¥) = (£2m)22mi0y) — 2m(09) e see
that only the fractional part of (@ ...ap—j.Gn_jt+1...a,)c; is of any significance in the
exponent of (4.4]). Hence, we find

627riac/2" |61 . Cn> _ 627ri(0.an)c1 |Cl> 627ri(0.an71an)c2 |02> e

27i(0.a1a2...an )cn, |Cn> )

Using this decomposition we can write (4.3]) as a product state of individual qubits,

2n—1
1
27r7,ac/2” _
e —_—
/2n Z /2n

The quantum algorithm to implement the QFT follows directly from this factorisation.

(10) + €270 [1)) -+ (0) + e2riCmazen 1)) (4.5)

The circuit for the algorithm is shown in Figure [4.1. The algorithm can be written
explicitly as follows [CEMMO97]:
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|a1> . Rn—l Rn | |0> + e?'rri(().alaz...an) |1>
|a2> Py H . Rn—l Rn | |0> + eQTri(O.uzag...an) |1>

an-1) 0) = e2mildensen) 1)
ax) 0) + 27 1)

Figure 4.1: The standard quantum circuit for the QFT. The output normalisation
factors of 1/ V2 and swap gates to reverse qubit order are omitted.

Quantum Fourier transform
Input: The state |a) = |a;) |ag) - - - |an).

Output: The transformed state —=(|0) + e2mi0an) 1)) ... (|0) + riO-arazan) |1)),

1. For j =1 to n, transform qubit |a;) as follows:

H 71(0.a,
laj) = J5(10) + &m0« [1)).

3. Fork=j7+1ton:
71(0.a;...a_1 R 71(0.a;...a5_1a :
4. 75 (10) +¢? (O.a;.ar—1) 1)) 2, \%(\O) 4 2mi(0-a5ak-19%) 1)) where Ry is the
unitary k-controlled phase shift:

ro

100 0
010 0
Ry =
0 01 0
000 627ri/2k
5. End For.
6. Reverse the order of the qubits.
7. End For.

Clearly this produces the state and requires O(n?) unitary Ry, or H gates to run.

There are a few important things about the QFT which should be noted. While
both the DFT and the QFT act on vectors in a complex vector space, the DFT acts
on a classical, mathematical vector whereas the QFT acts on a physical state which we
mathematically represent by a vector in Hyn. The subtle difference here is that with
the classical DFT, we can read the values of all 2* Fourier coefficients f (¢) by simple
inspection of the transformed vector. With the QFT, the resulting state embeds
all 2" coefficients as amplitudes for the 2™ states of n qubits. However, the collapse
of the superposition upon measurement means that it is impossible to measure the
amplitudes of a quantum state without an ensemble of such states to make a statistical
approximation of the amplitudes from, and detecting phase differences between states

is even more difficult. Hence, the quantum state (4.2)) contains all the information of
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the classically transformed vector but it is inaccessible to measurement. The main use
of the QFT is then as a tool to extract information embedded in the relative amplitudes
of states as opposed to determining the coefficients themselves.

Another result of this is that the efficiency of the QFT (O(n?) as opposed to the
DFT which is O(n2")) is in some sense due to the ability to perform the transformation
and utilise the information in the phases without measuring the state. Evidently, any
algorithm requiring measurement needs exponential time (there are 2™ coefficients to
measure), so even if quantum mechanics would allow us to measure the Fourier coeffi-
cients in state , doing so would take O(n2") time: 2" coefficients, n qubits each.
Making use of this embedded information while avoiding measurement is certainly an

important part of the fine art of developing algorithms in quantum computing.

4.2 De-quantisation investigation

Having presented the QFT, there are some issues to be brought to light. The decompo-
sition of the transformed state shown in Equation is evidently not entangled.
Just as for the Deutsch-Jozsa problem, the separability of this state would lead us to
believe that the QFT producing it could be simulated efficiently in a classical manner,
and there are certainly a few results on this observation.

It was realised shortly after the discovery of Shor’s algorithm that the QFT could
be computed in a semiclassical manner using classical signals resulting from quantum
measurements to perform the QFT on a state using classical logic and 1-qubit gates
(instead of the usual 2-qubit controlled-phase-shifts) [GN96]. This method gives the
same resulting probability distribution as the quantum algorithm, but destroys the
state’s superposition in the process. As a result, this is only useful in an algorithm in
which the QFT is the final operation before measurement. Shor’s algorithm happens to
be of exactly this nature, but this is only an initial step towards true classical simulation.

Much more recently, classical simulations of the QFT have been studied from the
viewpoint of simulating the circuit in Figure by using the bubble-width of the quan-
tum circuit [ALMO7] and the tensor contraction model [YS07]. The use of the bubble-
width produces a classical circuit with the same effect as the quantum circuit. The
inability of classical circuits to operate on anything other than trivial non-superposition
inputs takes away a lot of the usefulness of this other than its illustrative purpose. The
tensor-contraction model still focuses on circuits, but allows simulating the QFT on a
separable input. The use of circuits, however, while illustrative, seems to overcomplicate
matters significantly when it comes to classical simulation. We will explore simulations

of the QFT in the form of de-quantisations similar to those seen in Chapter [3|
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A minor change to our de-quantised bits is needed because the amplitudes which we
need to represent in the QFT algorithm are complex-valued. We cannot use complex
numbers as our two-dimensional bits, but there is no problem with simply using a two-

valued vectors as our classical bits, so we will employ this procedure.

4.2.1 Basis-state de-quantisation

The de-quantisation for a basis-state needs only to simulate the transformation defined
in Equation As a result of the decomposition in Equation [4.5] the effect of the QFT
on the jth qubit is easily seen to be

la;) Fan, L
V2

The difficulty in implementing this in a quantum computer is that the phase of a qubit

(10) + e2rian—seran 1)) (16)

needs to be altered depending on the values of the other qubits without altering them—
that is why it is not helpful to express the quantum algorithm as we have done in Equa-
tion [£.6}—and the circuit of controlled-phase-shifts is required to implement this. The
information is spread over the input qubits and must be obtained without measurement.
In the classical case there are no such restrictions on measurement, so de-quantisation
should only require directly implementing Equation [£.6l However, evaluating the com-
plex phase for each of the n qubits takes O(n) time, leading to a O(n?) procedure. This
can be reduced to O(n) by calculating each phase dependent on the previous one. To

do so, let w; be the jth phase factor and note the following:

wj — 627ri(0.an_j+1...an)

_ 627ri(0.an_j+1)627ri(0.an_j+2...an)/2

= (1)

and

Wy = e27ri(0.an) — (_1)an.

Note that by the square-root we mean the principal root. The square-root of a complex
number such as w; can be calculated independently of n. Specifically, if we have s +ti =
Vb + di with the further requirement that for a root of unity v/6? + d? = 1, then [BC36]:

1

s =—7=V1+b,
V2

¢ sould) gy

where sgn(d) = d/|d| is the sign of d. The efficient de-quantised algorithm is then the

following;:
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Basis-state de-quantised QFT

Input: The binary string a = aqas . .. a,.

Output: The n transformed two-component complex vectors bybsy...by.
1. Let w=1

. For 7 =1 to n:
3. Set w = (—1)4-it1/w

1
Setbj:\/iix<>
w

5. End For.

[\]

e~

This is mathematically identical to the definition of the QFT given in Equations
and , but is computed classically in time O(n). This achieves exactly the same
result as finding a classical circuit simulating the quantum circuit, such as that given by
Aharanov et al. [ALMOT], but is much simpler. This is primarily because the quantum
circuit is constructed subject to the requirement of computing the QFT without any
intermediate measurements. As a result, the quantum algorithm corresponding to the
circuit must conform to this too, making it more complex than an equivalent classical
algorithm need be.

A classical algorithm has the further advantage over the quantum algorithm acting
on a basis-state that measurement of the resulting state can be performed at will, and
any required information is easily accessible. In the quantum algorithm only a single
state can be measured, and no information about the amplitudes (and thus the Fourier
coefficients) can be determined from a single QFT application. While this classical
algorithm is no faster than the well known FFT for calculating all the coefficients, it
may be beneficial if only some coefficients are required.

The ability to de-quantise the QFT acting on a basis-state is not particularly surpris-
ing. This is equivalent to the classical DFT acting on a vector with only one non-zero
component, producing a fairly trivial and easily computed output. However, this high-
lights a little more deeply some common misconceptions about the QFT. Because of the
unitary evolution of quantum mechanics, the action of the QFT on a basis-state shown
in is often taken as the definition of the QFT. While this suffices as the definition
of the quantum algorithm, it is important not to forget that the actual definition of
the QFT is that given in Equation 4.2l When considering classical simulations of the
QFT this is even more important, as the action of the QFT on a basis-state and the
corresponding circuit no longer immediately allow us to compute the complete QFT.
Indeed it would take 2™ iterations of a classical algorithm simulating the basis-state be-
haviour to compute the complete QFT, a method which is slower than the fast Fourier
transform (FF'T).
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4.2.2 Extension to general input states

Here we briefly consider the possibility of extending the de-quantisation to work on
a wider range of input states, resulting in a less trivial de-quantisation. If the input
state is entangled then it is clear that the de-quantisation is not easily extended, as the
method used for the basis-state algorithm relied on the separability of the input. In
such a situation, any de-quantisation attempt would need to involve a different method
and work directly from the QFT definition, (4.2)).

However, it is not immediately clear that the basis-state de-quantisation, which is
based on Equation [1.3] could not be extended to work on arbitrary separable input
states. This idea is strengthened by the fact that we used the single-qubit formula
to perform the basis-state de-quantisation. However, this implicitly relies on the
other qubits in the input state having a definite value, but in the separable input case
this is not necessarily the case. In Example we give an example to show that the
QFT can entangle separated input states, and hence a general separable input state

de-quantisation is not possible in the same way as the basis-state de-quantisation was.

Example 14. Consider the input state:

|@ﬂ®&%m+%m) (4.7)

1
= 75 (100) +Jon)).

Using the basis-state QFT definition, (4.3), we see that the two basis-states in this

superposition transform as:
J 1 1 1
— —|01) + =1 — |11
00) £ 2100) + 5 [01) + 2 [10) + S [11),
J 1 1 )
1 = —|01) — = |10) — = |11).
01) 2 2100) + £ Jo1) — - [10) — Z]11)

Hence, we see that (4.7)) transforms as:

9 £ (o0 + 15 o)+ 150 ).

Using an extension of Theorem [11] for the case where the amplitudes of some states are

zero [JMO3], this is seen to be entangled.

There do also exist inputs which the QFT does not entangle. An example of this
is the input state |¢) = % (]00) +|10)). In this case the QFT merely computes the
identity function. For such input states which are not entangled by the QFT, it might
be possible to develop a de-quantised algorithm. The major step in developing such

a de-quantisation would be to determine conditions for when the input state will not
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be entangled, similar to our separability analysis for the Deutsch-Jozsa problem in Sec-
tion . Indeed, the notion of pair product invariance is also extended by [JMO03] to
states in which some amplitudes are zero (recall in the Deutsch-Jozsa problem all ampli-
tudes were +1). However, the conditions are more complicated, and such analysis is left
to future research, but is certainly worth exploring as a more general de-quantisation is

of interest both theoretically and practically.

4.3 Discussion

The basis-state de-quantisation computes a Fourier transform on a single state, while
the QFT algorithm computes the Fourier transform on arbitrary separable or entangled
input states. It is the fact that the separability of the QFT algorithm may not hold
even for separable input states which restricts the de-quantisation of the QFT. In the
most general case a classical simulation would need to work directly from Equation [4.2]
although there may be cases in which separability could be guaranteed. This highlights
the important difference between the quantum Fourier transform and the quantum al-
gorithm computing it. The linearity of quantum mechanics ensures that the algorithm
designed only for a basis-state suffices to compute the complete transform. When we de-
part from quantum mechanics this is no longer the case, and the de-quantised algorithm
does not suffice to compute the complete QFT.

Further research should be conducted into finding if there exist conditions for which
the QFT could be de-quantised to work on separable input states. Such conditions could
make the de-quantisation less trivial and much more useful. Such a de-quantisation
would have potential as a subroutine in de-quantisations of other quantum algorithms
where the QFT is used, and such separability conditions can be guaranteed. Unfortu-
nately Shor’s algorithm has unbounded entanglement as the input to the QFT [JLO3],
so any de-quantisation of the QFT algorithm will likely be of little use here.

Another issue worth noting is that we must be careful to consider the complexity
involved in manipulating the complex amplitudes in a state-vector when performing
de-quantisation. While it did not contribute to the complexity of the de-quantised
algorithms presented in this chapter, attention had to be paid to make sure this was the
case, as this would not have been so if we directly implemented the obvious algorithm.
In quantum computation, however, the amplitudes are just our representation of a
property of physical states. It is these physical states, rather than the amplitudes,
which are altered by unitary transformations, and as a result we observe the amplitudes
changing. This reiterates the need for care when de-quantising, as the amplitudes have

no a priori reason to be easily calculated, or computable at all for that matter.
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4.4 Summary

We have shown that the quantum algorithm computing the QFT can be de-quantised
into a classical algorithm which is just as efficient and in many senses simpler than the
quantum algorithm, primarily because the need to avoid measurement of the system is
no longer present. However, the de-quantised algorithm only acts on a basis-state, and
as a result it fails to compute the QFT on arbitrary inputs because the separable repre-
sentation of the QFT is not valid in these cases. This difference between quantum and
classical algorithms highlights the common treatment of the quantum Fourier transform
and the corresponding algorithm as the same thing. Instead, it is only the linearity of

quantum mechanics which ensures they have the same effect.






Chapter 5

Conclusion

5.1 Future Work

The work in this thesis provides a grounding for the de-quantisation of quantum algo-
rithms, and many more questions are raised in the process. There are certainly many
algorithms that this de-quantisation procedure can be applied to, and many other de-
quantisation procedures waiting to be developed. Quantum random walk (QRW) al-
gorithms [SKWO03]|, although a slightly different paradigm, look a promising target of
possible de-quantisation. QRW algorithms appear to have bounded entanglement and
are capable of matching algorithms such as Grover’s search algorithm [Gro97] which
in the standard formulation contains entanglement, making direct de-quantisation dif-
ficult. Indeed, finding other algorithms which can be de-quantised in the way done in
this thesis would deepen our understanding of quantum computation, and potentially
provide important new classical algorithms.

Exploring other possible de-quantisation techniques is also an important step. As
noted in Section [3.3] developing a set of conditions which allows de-quantisation helps
us to narrow down the source of benefit in quantum computation, and hence allows us
to develop better quantum algorithms. While developing complete conditions would be
an extremely difficult task, any further de-quantisation conditions would be of much
benefit to both classical and quantum computation.

The issue of black-box complexity, as briefly discussed in Section is a topic which
should be explored further. To properly compare and develop black-box algorithms in
quantum computation we need a better understanding of the complexity of unitary
black-boxes in comparison to classical ones. This is also important if we are to fully

understand the de-quantisation of such algorithms.

39
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5.2 Summary

In this thesis we developed the idea of de-quantisation of quantum algorithms. We de-
quantised the Deutsch-Jozsa problem up to the n = 2 case, and analysed the ability to
de-quantise beyond this. We showed that the entanglement grows exponentially in the
Deutsch-Jozsa problem, and this prevents the technique of de-quantising with classical
complex numbers from extending. However, this does not mean de-quantisation is not
possible, but that other methods need to be developed and the black-box complexity of
quantum algorithms needs to be better understood.

We applied the same de-quantisation technique to the quantum Fourier transform
in its standard form as a basis-state quantum algorithm, producing a de-quantised
algorithm more efficient than the quantum algorithm. We used this to highlight key
misconceptions about the nature of the QFT, and showed that it is the linearity of
quantum mechanics which allows the QFT algorithm to compute an arbitrary Fourier
transform, but that the algorithm itself is classical. The de-quantised version is simpler
than the quantum algorithm and if it could be extended to act on separable input states
under certain restrictions, it has potentially strong implications.

The procedure of de-quantisation has been shown to be applicable in many situations,
and is an important technique which needs to be explored further if we wish to truly
understand the benefit of quantum computation. Such understanding could lead to

development of better quantum and classical algorithms.
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